The watershed transform is a powerful tool for morphological segmentation. Most common implementations of this method involve a strict hierarchy on gray tones in processing the pixels composing an image. Those dependencies complexify the efficient use of modern computational architectures. This paper aims at answering this problem by introducing a new way of simulating the waterflood that alleviates the sequential nature of hierachical queue propagation. Simultaneous and disorderly growth is made possible using this method. higher speed is reached and bigger data volume can be processed. Experimental results show that the algorithm is accurate and produces a thin, well centered watershed line.
INTRODUCTION
The watershed transform is a common tool for morphological segmentation. It is based on region growth and edge detection. One definition reflects the water flood on a topographic relief. This definition creates thin watershed lines and was chosen for the most used algorithms. Considering the topographic surface as pierced at the location of regional minima, it is immerged in water, so that the water rises from those holes and creates lakes. Those different lakes, each associated with a minimum, are not allowed to mix and their intersections is called dams. The set of all dams is called the watershed lines and represents the desired contours.
The current limitation of the clock rate limited by physical constraints brought the need for multi-processor architectures and adaptation of usual methods to the new specifications. The sequential nature of most algorithms makes impossible to benefit of their parallel processing capabilities. The hierarchical queue-driven propagation is very sequential and only efficient for mono-processors. Algorithms that use this structure do not meet the speed required by the ever-growing amount of data to be processed. This motivates the work presented in this study.
In this article, we present a new method to calculate watershed lines using an oriented graph (or digraph). Compared to traditional methods, the proposed method preserves the locality of data and allows for optimized implementation without compromising the quality of the extracted contours. Time complexity is still linear with respect to the number of pixels and the use of complex data structures such as hierarchical queues is avoided. We compare ourselves with the two following methods: a hierarchical queue-driven propagation [1] and successive geodesic thickenings of the regional minima [2] .
RELATED WORK
The notion of watershed was first instroduced by Lantuéjoul and Beucher in [3] and its construction involved an iterative process of successive thresholding at increasing heights. A random memory access algorithm was introduced by Meyer in [1] and is considered in many aspects as optimal. It uses a hierarchical queue and simulates the process of flooding. A rigorous definition of the watershed was given in [4, 5] during the first workshop of mathematical morphology in 1993 and the topographic distance was introduced to unify the watershed line and the SKIZ transform independently in [2, 5] . The watershed was shown to be equivalent to the SKIZ of the topographic distance and the hierarchical queue implements this definition.
In a digital grid, complications appear and lead to different approachs. Two pixels can exist, so that the first is closer to a seed and the second to another without a third pixel in between. Other pixels can be equidistant to two different seeds. One can be interested in creating a tesselation, where each tile contains pixels that are closer to a seed than any other. On the other hand, one can be interested in a thin contiguous line that defines a set of points equidistant from two distinct seeds Those two approachs require an arbitrary choice for assigning such pixels to one seed or a watershed line living on both edges and nodes, as produced by the proposed method.
A review on watershed algorithms is made in [6] . Cousty and al. [7] defined the watershed cuts on edge-weighted graphs using minimum spanning forest. In [8] , Beucher considered a different approach that removes the biais introduced by the arbitrary queueing order of points in a hierarchical queue. Another criterium has been proposed in [9] , Meyer showed that the hierarchical queue implements an infinite lexicographic distance. This last criterion minimized the number of arbitrary choices in order to build a partition.
Many parallel implementations have been introduced (see [6, 10, 11] ), and a tendency to introduce other definitions of the watershed transform appeared to simplify the parallelization process. Two classes of parallel algorithm: domain decomposition and functional decomposition. Splitting the image into smaller images was studied by Meijster and al. [12] , by Bieniek and al. [13] and by Moga and al. [14] , with a preprocessing of the overlapping areas and distribution of those images to multiple processing units. Gillibert and Jeulin [15] worked on an iterative processing of smaller images and a merging procedure of the results until idempotence. However, Beucher [16] realize a study showing the difficulties encountered in the parallelization process of the hierarchical queue algorithm.
Maisonneuve [17] was the first to introduce the arrowing operator as a mean of processing the watershed transform. Another iterative approach based on arrowing has been introduced in 1990 by Beucher [18] . A more recent method on the watershed generalized on graph and implemented with arrowing operators was developped in 2012 by Meyer [19] . The algorithm proposed in this paper can be classified as a parallel algorithm, based on the arrowing operator, that produces a thin, well-centered watershed line equivalent to [8] .
TOPOGRAPHIC STRUCTURES
We define a gray-level image by the mapping f : D → V , where D is the set of pixels and V the valuation domain. We associate this function with its corresponding topographic relief, where all gray values can be seen as elevations on the relief. This topographic relief contains a various number of topographic structures such as domes, valleys, ridges, thalwegs, regional minima, plateaus, and so on. Among those, a few interest us as flooding paths, plateaus, regional minima and catchment zones. The absolute heights of the pixels are not needed for defining the topographic structures and they depend only on the relative heights of neighboring pixels.
In the following, ∼ denotes the neighborhood relationship on D defined by the considered connectivity. Any usual connectivity can be used, e.q. 4,6 or 8 in 2D and 6,18 or 26 in 3D.
We introduce a graph G (N, E), a non-oriented graph where N ↔ D and the set E is generated by the connectivity ∼. We can encode the relative height of neighboring nodes in an oriented graph built from the previous graph, by defining edge sets derived from E. We note E ≺ , E and E the edge sets generated by the relation ≺, , . Using these new edge sets, we can define the increasing graph G (N, E ) , the decreasing graph G (N, E ≺ ) and the level-neighbor graph
The relations , and
A plateau from where one cannot reach a lower altitude with a non-increasing path is called regional minimum. We can define it using the following equation:
We call the set M = i m i the set of all minima. Given some minimum m i , the transitive closure The basins are not disjoint. Their intersection is usually considered as the watershed. However, this intersection does not have the necessary properties, namely it is neither thin nor contiguous. In the next section, we show how a flooding graph can be used to generate a thin, continuous and well centered watershed line.
BUILDING THE WATERSHED USING THE FLOODING GRAPH
We describe the three main components of the method in sections 4.1, 4.2 and 4.3. Reconstructing the catchment basins requires the extraction of minima and the creation of the flooding graph. However, those two last components are independent. Figure 1 shows how they relate to each other. The result l(f ) holds both partial catchment basins and watershed lines.
eq (1) Gflood markers Fig. 1 . Overview of the method.
Minimum detection
The set of regional minima U is obtained by removing from P all plateaus p i that are not minima by
Note that this operation is an opening by reconstruction of P with a marker set V = {a | ∃b, b ≺ a} which is the decreasing border (provided it exists) of any plateau which is consequently not a regional minimum. Given that P contains plateaus, U does not contain singlepixel minimum. The set of single-pixel minimum is denoted by S, and is efficiently detected using S = {a | b, a b or a b} The set of all minima of an image, denoted by M , is the union of both regional and singleton minima, i.e. M = U ∪S. Figure 2 shows an example of this process.
Fig. 2. Minima detection. E (double-sided arrows), E (single-sided arrows). P
= {p 1 , p 2 , p 3 }. V = {c, f, g}, decreasing borders. U = P \ {p 2 , p 3 } = {a, b}. S = {h}. M (f ) = U ∪ S = {a, b, h}.
Generating the flooding graph
Water flooding is a bottom-up process. A natural choice to simulate this behavior would be to use the increasing graph
there is e b,a ∈E . Note that this graph contains no arcs on plateaus to indicate how to flood plateaus. On plateaus, water floods from decreasing borders towards increasing borders. In the following we create E arcs on plateaus to simulate this behavior as well. Consider some plateau p and its decreasing border
We redefine the set of increasing edges in the following way. Let a, b ∈ N | a ∼ b: Figure 3 shows how an increasing graph of the initial image is completed with an increasing graph of the geodesic distance of the plateau.
Catchment basin reconstruction
At this moment, we have the set of all minima M , M ⊂ N , containing both regional and local minima. We assume that the minima are indexed by numbers from N. We define the 
Thin watershed lines
Equation (2) suffices to produce a watershed segmentation. However, thick watershed lines appear whenever every lower neighbor are labeled ws, i.e. Q(a) = {} in (2) . Figure 4 shows an example of such a situation. We introduce a method to modify the graph after a pass of basin reconstruction so that the unexplored nodes are flooded. Such nodes n, with Q(n) = {} are so-called buttonholes. We note B = {n | Q(n) = {}} the set of all blocking nodes. We define the influence zones of each blocking node as Z(n) = {a | a nodes of Z(n).
We define the lowest reachable neighbors of a influence zone:
Then we replace the missing graph on every influence zones so that water floods from the lowest reachable nodes:
We complete the flooding graph on each Z(n), n ∈ B, similarly as equation (1):
Basin reconstruction can now flood the remaining nodes using G (N, E 3 ). Figure 5 shows an example of such modifications of the flooding graph. 
EVALUATION
The proposed method produces result equal to the unbiased watershed as described in [8] . The watershed line is not necessarily contiguous in a discret grid, as no biased choice is done. However, it is contiguous if we consider watershed to be on edges and nodes, see Figure 5 (c).
Time measurement
We ran experiments on an Intel(R) Xeon(R) CPU E5-2650 v2 based shared memory parallel computer with 8 cores, running at a 2.60Ghz clock frequency. We performed time measurements using synthetic images generated by a distance function on random seeds. We compared our method to the Meyer's hierarchical queue method [1] and matlab implementation [2] . Figure 6 shows that the proposed method is almost 10 times faster than [1] (Morph-M, http://cmm.ensmp.fr/Morph-M/ ), and 100 times faster than [2] (Matlab).
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CONCLUSION
We propose a method to calculate the watershed lines in O(n) that requires no sorting of pixels with respect to their elevations. It produces identical results to the unbiased version of watershed using the hierarchical queue proposed by Beucher in [8] . This method is faster than conventional methods. Removing the sequential nature of the transform allows us to reach higher performances by exploiting parallel computation such as MIMD and SIMD paradigms. This approach shows that transformations of morphological mathematics that were considered difficult to parallelize efficiently can be optimized for recent architectures using simple operators such as arrowing graphs. Processing images as large as 1000 3 is achieved in a reasonable time.
